Static (or Simultaneous-
Move) Games of Incomplete
Information-Lecture 4

Yongqgin Wang,

CCES, Fudan




Outline of Static Games of Incomplete
Information

Introduction to static games of incomplete
iInformation

Normal-form (or strategic-form)
representation of static Bayesian games

Bayesian Nash equilibrium
Auction



Today’s Agenda

What is a static game of incomplete
iInformation?

Prisoners’ dilemma of incomplete information

Cournot duopoly model of incomplete
Information

Battle of sexes of incomplete information
First-price auction



Static (or simultaneous-move) games
of complete information

A set of players (at least two players)
For each player, a set of strategies/actions

Payoffs received by each player for the
combinations of the strategies, or for each
player, preferences over the combinations
of the strategies

All these are common knowledge among
all the players.



Static (or simultaneous-move) games
of INCOMPLETE information

Payoffs are no longer common knowledge

Incomplete information means that

At least one player Is uncertain about some
other player’s payoff function (type)

Static games of incomplete information are
also called static Bayesian games



Prisoners’ dilemma of
complete information

Two suspects held in separate cells are charged with a major crime.
However, there is not enough evidence.

Both suspects are told the following policy:

If neither confesses then both will be convicted of a minor offense
and sentenced to one month in jail.

If both confess then both will be sentenced to jail for six months.

If one confesses but the other does not, then the confessor will be
released but the other will be sentenced to jail for nine months.

Prisoner 2
Mum Confess
Prisoner Mum -1, -1 -9 , 0

1 Confess o, -9 -6, =6




Prisoners’ dilemma of
Incomplete information

Prisoner 1 is always rational (selfish).

Prisoner 2 can be rational (selfish) or altruistic, depending on
whether he is happy or not.

If he is altruistic then he prefers to mum and he thinks that
“confess” is equivalent to additional “four months in jail”.

Prisoner 1 can not know exactly whether prisoner 2 is rational
or altruistic, but he believes that prisoner 2 is rational with
probability 0.8, and altruistic with probability 0.2.

Payoffs if prisoner 2 is Prisoner 2
altruistic Mum Confess
. Mum -1, =1 -9 , -4
Prisoner 1
Confess 0, =9 -6 , -10




Prisoners’ dilemma of
Incomplete information cont’d

Given prisoner 1’s belief on prisoner 2, what strategy
should prison 1 choose?

What strategy should prisoner 2 choose if he is
rational or altruistic?

Payoffs if prisoner 2 is Prisoner 2
rational Mum Confess
. Mum =1 ’ -1 _9 / Q
Prisoner 1
Confess o, -9 -6, =6
Payoffs if prisoner 2 is Prisoner 2
altruistic Mum Confess
Mum =1 , =l -9 , -4
Prisoner 1
Confess o, =9 -6 , -10




Prisoners’ dilemma of
Incomplete information cont’d

Solution:

Prisoner 1 chooses to confess, given his belief on
prisoner 2

Prisoner 2 chooses to confess if he Is rational, and
mum If he is altruistic

This can be written as
(Confess, (Confess if rational, Mum if altruistic))

Confess is prisoner 1's best response to prisoner 2’s
choice (Confess if rational, Mum if altruistic).

(Confess if rational, Mum Iif altruistic) is prisoner 2's
best response to prisoner 1's Confess

A Nash equilibrium called Bayesian Nash equilibrium



Cournot duopoly model of
complete information

The normal-form representation:
Set of players: {Firm 1, Firm 2}
Sets of strategies: S;=[0, +x), S,=[0, +x)
Payoff functions:

uy(dy, d2)=9;(a-(g,+0,)-C),
U,(dy, d,)=0,(a-(q;+0,)-C)

All these information iIs common knowledge
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Cournot duopoly model of
Incomplete information

A homogeneous product is produced by only
two firms: firm 1 and firm 2. The quantities are
denoted by g, and g,, respectively.

They choose their quantities simultaneously.

The market price: P(Q)=a-Q, where ais a
constant number and Q=q,+qs.

Firm 1's cost function: C,(qg,)=cq;.
All the above are common knowledge

11



Cournot duopoly model of
Incomplete information cont’d

Firm 2’s marginal cost depends on some factor (e.g. technology)
that only firm 2 knows. Its marginal cost can be

HIGH: cost function: C,(q,)=c4q..
LOW: cost function: C,(g,)=c,q..

Before production, firm 2 can observe the factor and know
exactly which level of marginal cost is in.

However, firm 1 cannot know exactly firm 2's cost. Equivalently,
it is uncertain about firm 2’'s payoff.

Firm 1 believes that firm 2’s cost function is
C,(g,)=cnq, with probability 6, and
C,(g,)=c_q, with probability 1-6.

All the above are common knowledge

The Harsanyi Transformation
Independent types
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Cournot duopoly model of
Incomplete information cont’d

A solution for the Cournot duopoly model of incomplete
Information

Firm 2 knows exactly its marginal cost is high or low.

e If its marginal cost is high, i.e. C,(d,) =c40,, then, for any
given qy, it will solve

Max  qg,[a—(g,+0;)—cy]
s.t. q, =0
1
e FOC: a—-q;-20,-¢c4 =0 = Q2(CH):§(a—Q1_CH)

e 0,(Cy) is firm 2's best response to q, if its marginal cost is
high.
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Cournot duopoly model of
Incomplete information cont’d

Firm 2 knows exactly its marginal cost is high or low.

e If its marginal cost is low, i.e. C,(qg,) =c_q,, then, for
any given ¢,, it will solve

Max  g,[a—(g,+0,)—C_]
S.t. q, =0

1
e FOC: a-q—-20,-¢ =0 = qZ(CL)ZZ(a_ql_CL)

® g,(c.) is firm 2's best response to g, if its marginal
cost is low.
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Cournot duopoly model of
Incomplete information cont’d

e Firm 1 knows exactly its cost function C,(q,) = cq;.

e Firm 1 does not know exactly firm 2's marginal cost is high
or low.

e But it believes that firm 2's cost function is C,(q,) =c,0,
with probability 8, and C,(qd,) =c¢, q, with probability 1-6

e Equivalently, it knows that the probability that firm 2's
quantity is g,(cy ) is €, and the probability that firm 2's
quantity is g,(c, ) is1—-6. So it solves

Max 6&xq[a—(q, +0,(cy))—c]
+1-0)xq[a—-(q, +0,(c ))—c]
st. =0
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Cournot duopoly model of
Incomplete information cont’d

e Firm 1's problem:

Max &xq,[a— (g, +0,(cy))—c]
+(1-0)xq[a—(q +0,(c.)) -]
st. =20
o FOC:
dla—-2q,—0,(cy)—c]+(A-0)[a—20q,—-0q,(c )—c]=0
Ola—q,(cy)—c]+(1-0)[a—q,(c )—C]
2

e (, Is firm 1's best response to the belief that firm 2 chooses
q,(cy ) with probability 8, and g, (c, ) with probability 1-6

Hence, (;=



Cournot duopoly model of
Incomplete information cont’d

e Now we have
1
qZ(CH):Z(a_ql_CH)

d,(c.) :;(a—Ch_CL)

; _Ola—0gy(cy)-cl+@-0)[a—0,(c ) —c]
: 2

e \We have three equations and three unknowns. Solving
these gives us
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Cournot duopoly model of
Incomplete information cont’d

* 1 1_9
CI2(CH):3(a_2CH +C)+6(CH —C.)

x 1 0
Q2(CL):3(3_20L+C)+6(CH —C.)
« a—-2c+6&, +(1-6)c.
G =
3
e Firm 1 chooses qf

e Firm 2 chooses 0, (c,, ) if its marginal cost is high, or o, (c, ) if its
marginal cost is low.

e This can be written as (qf, (qZ(CH ),qZ(CL)))

e One is the best response to the other
e A Nash equilibrium solution called Bayesian Nash equilibrium.
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Cournot duopoly model of incomplete

information (version one) cont’d

* 1 1_9
Q2(CH):3(a_ZCH +C)+6(CH —C.)

x 1 0
dp(c) :3(3_2CL +C)+6(CH —C.)
« a—-2C+6&y +(1-06)c,
G =
3
e This can be written as‘ﬂl 2 »(Ch) a2 »(cy) )

e Firm 1 choosest  which s its best response to firm 2's @2 () Gz(cL) )
(and the probability).

e If firm 2's marginal cost is HIGH then firm 2 choosesq; (Cn) which is its
best response to firm 1éh )

e If firm 2's marginal cost is, LOW then firm 2 chooses2 (€.) which is its
best response to firm 1sh

e A Nash equilibrium solution called Bayesian Nash equilibrium.
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Cournot duopoly model of incomplete
Information (version two)

A homogeneous product is produced by only
two firms: firm 1 and firm 2. The quantities are
denoted by g, and g,, respectively.

They choose their quantities simultaneously.

The market price: P(Q)=a-Q, where ais a
constant number and Q=q,+qs.

All the above are common knowledge
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Cournot duopoly model of incomplete
information (version two) cont’d

Firm 2’s marginal cost depends on some factor (e.qg.
technology) that only firm 2 knows. Its marginal cost
can be

HIGH: cost function: C,(g,)=C05.
LOW: cost function: C,(g,)=c,q.,.

Before production, firm 2 can observe the factor and
know exactly its marginal cost is high or low.

However, firm 1 cannot know exactly firm 2’s cost.
Equivalently, it is uncertain about firm 2’s payoff.

Firm 1 believes that firm 2’s cost function is
C,(q,)=cn0d, with probability 6, and
C,(q,)=c, g, with probability 1-6.
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Cournot duopoly model of incomplete
information (version two) cont’d

Firm 1's marginal cost also depends on some other
iIndependent factor that only firm 1 knows. Its
marginal cost can be

HIGH: cost function: C,(g,)=C40;.
LOW: cost function: C,(g,)=c_q;.

Before production, firm 1 can observe the factor and
know exactly its marginal cost is high or low.

However, firm 2 cannot know exactly firm 1's cost.
Equivalently, it is uncertain about firm 1’'s payoff.

Firm 2 believes that firm 1’s cost function is
C,(q,)=c40d,; with probability 6, and
C,(q,)=c,q; with probability 1-6.
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Cournot duopoly model of incomplete
information (version two) cont’d

e Firm 1 knows exactly its marginal cost is high or low before
production.

e Firm 1 does not know exactly firm 2's marginal cost is high
or low.

e But it believes that firm 2's cost function is

»C,(9,) =cy0q, (in which it chooses q,(cy )) with
probability &.

»C,(9,) =c, 0, (in which it chooses g, (c, )) with
probability 1-6.

e Now we solve firm 1's problem, given its belief on firm 2.
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Cournot duopoly model of incomplete
information (version two) cont’d

Firm 1 knows exactly its marginal cost is high or low.
e If its marginal cost is HIGH, i.e. C,(qg,) =cyq;, then, given its belief
on firm 2, it will solve
Max Oxqla—(a+02(cy))—cyl+@-0)xaqfa—(ay +0ax(c))—cy]
st. ;=0
o FOC.:
Ola—-20q;-0gy(cy)—cy ]+ A-0)[a—20;, —0g,(c ) -cy]=0
Ola—gy(cy)—cyl+(@-O)[a-0gy(c )—cy]
2
e g;(cy) is firm 1's best response to the belief that firm 2 chooses
d, (¢, ) with probability 8, and d,(c, ) with probability 1— 8, if firm
1's marginal cost is HIGH.

Hence, q(cy)=
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Cournot duopoly model of incomplete
information (version two) cont’d

Firm 1 knows exactly its marginal cost is high or low.
e If its marginal costis LOW, i.e. C,(qg;) =c¢, q;, then, given its belief
on firm 2, it will solve
Max Oxoqla—(0+0;(cy))—c ]+ (@-0)xaqfa—(q +0ax(c ))—c.]
st. ;=0
o FOC.:
Ola-2q;—0gy(cy)—c ]+ A-0)[a—20, - 0q,(c )—c ]=0
Ola—gy(cy)—c ]+ (A-0)[a-agy(c ) -]
2
e g;(c) is firm 1's best response to the belief that firm 2 chooses
d, (¢, ) with probability 8, and d,(c, ) with probability 1— 8, if firm
1's marginal cost is LOW.

Hence, q(c, )=
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Cournot duopoly model of incomplete
information (version two) cont’d

e Firm 2 knows exactly its marginal cost is high or low before
production.

e Firm 2 does not know exactly firm 1's marginal cost is high
or low.
e But it believes that firm 1's cost function is

»C,(y) =cyq; (inwhich it chooses g;(cy )) with

probability &.
»C,(0) =c_q; (in which it chooses g;(c, )) with probability
1-6.

e Now we solve firm 2's problem, given its belief on firm 1.

26



Cournot duopoly model of incomplete
information (version two) cont’d

Firm 2 knows exactly its marginal cost is high or low.
e If its marginal cost is HIGH, i.e. C,(qg,) =Cy0,, then, given its belief
on firm 1, it will solve
Max &x0gy[a—(aq(Cy)+0z)—cyl+@-0)xay[a—(a(c ) +02)—Cy]
st. 0,=0
o FOC.:
Ola—0q;(Cy)—20, —cy ]+ A-O)[a—a(c )—20, - ]=0
Ola—q(cy)—cyl+@-O)[a—aq(c )—cyl
2
e O,(cy) is firm 2's best response to the belief that firm 1 chooses
¢, (cy ) with probability €, and g, (c, ) with probability 1-8, if firm 2's
marginal cost is HIGH.

Hence, q,(cy)=
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Cournot duopoly model of incomplete
information (version two) cont’d

Firm 2 knows exactly its marginal cost is high or low.
e If its marginal cost is LOW, i.e. C,(d,) =, 0q,, then, given its belief
on firm 1, it will solve
Max Oxdq,[a—(0(cy)+0az)—c ]+ @—60)xa[a—(a(c ) +0dz)—c]
st. 4,20
e FOC:
Ola—0o,(cy)—20, —c ]+ 1-0)[a—ay(c )—20, —¢ ]=0
Ola—q(cy)—c ]+(@-9)[a—aq(c )—c.]
2
e g,(c,) is firm 2's best response to the belief that firm 1 chooses
0y (cy ) with probability 8, and g;(c, ) with probability 1-8, if firm 2's
marginal cost is LOW.,

Hence, q,(c )=
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Cournot duopoly model of incomplete
information (version two) cont’d

e Now we have
Ola—qy(cy)—cyl+(A-0)[a—-q,(c )—cyl

G(CH) = :

ae,) - A2l —al+ U= Oa-g;(c)~c.]
qz(cH>=H[a—ql(cH)—cH]+(;—9)[a—q1(cL>—cH]
o (c) = Ola— GI1(CH)—CL]+(;—0)[a— a(c ) -c,]

e This is a symmetric model. So g,(cy)=0a,(cy) and g,(c, ) =0, (c, ). Solving
these four equations with four unknowns gives us.

qf(cH)=q§(cH)=§(a—cH)—1‘69(cH ¢,

qf(cL)=q§(cL>=§<a—cL)+g(cH —¢,)
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Cournot duopoly model of incomplete
information (version two) cont’d

e This can be written as ((q; (cyy), ¢ (c,)), (05 (Cy ), Up(CL)))

e If firm 1's marginal cost is HIGH then it chooses g, (c,y) which is its
best response to firm 2's (g, (Cy), 9,(c,)) (and the probability).

e If firm 1's marginal cost is LOW then it chooses g (c, ) which is its
best response to firm 2's (g, (cy), 9,(c,)) (and the probability).

e If firm 2's marginal cost is HIGH then it chooses q,(cy) which is its
best response to firm 1's (g, (cy ), o (c,)) (and the probability).

e If firm 2's marginal cost is LOW then it chooses d,(c, ) which is its
best response to firm 1's (g, (cy ), 4 (c.)) (and the probability).

e A Nash equilibrium solution called Bayesian Nash equilibrium.
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Battle of the sexes

At the separate workplaces, Chris and Pat must choose to
attend either an opera or a prize fight in the evening.

Both Chris and Pat know the following:

Both would like to spend the evening
together.

But Chris prefers the opera.
Pat prefers the prize fight. .,

Opera Prize Fight

Opera 2, 1 o, O

Chris

Prize Fight O, O 1, 2
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Battle of the sexes with incomplete
Information (version one)

Now Pat’s preference depends on whether he is happy.
If he is happy then his preference is the same.

If he Is unhappy then he prefers to spend the evening by
himself and his preference is shown in the following table.

Chris cannot figure out whether Pat is happy or not. But
Chris believes that Pat is happy with probability 0.5 and
unhappy with probability 0.5

Payoffs if Pat is Pat
unhappy Opera Prize Fight
_ Opera 2, O o, 2
Chris
Prize Fight o, 1 i, O
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Battle of the sexes with incomplete
information (version one) cont’d

How to find a solution ?

Payoffs if Pat is happy Pat
with probability 0.5 Opera Prize Fight
| Opera 2, 1 0, ©
Chris _ .
Prize Fight 0, 0 L9 &

Payoffs if Pat is unhappy
with probability 0.5

Chris

Opera
Prize Fight

Opera Prize Fight
2, 0 o, 2
o, 1 i, O
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Battle of the sexes with incomplete
information (version one) cont’d

Best response

If Chris chooses opera then Pat’s best response: opera
If he is happy, and prize fight if he is unhappy

Suppose that Pat chooses opera if he is happy, and
prize fight if he is unhappy. What is Chris’ best
response?
If Chris chooses opera then she get a
payoff 2 if Pat is happy, or O if Pat is
unhappy. Her expected payoff is 2x0.5+
0x0.5=1

If Chris chooses prize fight then she get a

payoff O if Pat is happy, or 1 if Pat is

unhappy. Her expected payoff is 0x0.5+

1x0.5=0.5

Since 1>0.5, Chris’ best response is opera s
A Bayesian Nash equilibrium: (opera, (opera if happy



Battle of the sexes with incomplete
information (version one) cont’d

Best response

If Chris chooses prize fight then Pat’s best response:
prize fight if he Iis happy, and opera if he is unhappy

Suppose that Pat chooses prize fight if he is happy,
and opera if he is unhappy. What is Chris’ best
response?
If Chris chooses opera then she get a
payoff O if Pat is happy, or 2 if Pat is
unhappy. Her expected payoff is 0x0.5+
2x0.5=1

If Chris chooses prize fight then she get a
payoff 1 if Pat is happy, or O if Pat is
unhappy. Her expected payoff is 1x0.5+
0x0.5=0.5

Since 1>0.5, Chris’ best response is opera s



Cournot duopoly model of incomplete
information (version three) cont’d

Firm 2's cost depends on some factor (e.g.
technology) that only firm 2 knows. Its cost
can be

HIGH: cost function: C,(q,)=c0s,.
LOW: cost function: C,(g,)=c,qs,.

Firm 1's cost also depends on some other
(iIndependent or dependent) factor that only
firm 1 knows. Its cost can be

HIGH: cost function: C,(q,)=c0;.
LOW: cost function: C,(g,)=c,q;.
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Cournot duopoly model of incomplete
information (version three) cont’d

B Firm 1's quantity depends on its cost. It chooses
»Qy(cy ) if its cost is HIGH

> qy(c.) if its cost is LOW

B Firm 2's quantity also depends on its cost. It chooses
»(,(cy) Ifits cost is HIGH

>0, (c, ) if its cost is LOW
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Cournot duopoly model of incomplete
information (version three) cont’d

B Before production, firm 1 knows exactly its cost is HIGH or LOW.

B However, firm 1 cannot know exactly firm 2’s cost. Equivalently, it
is uncertain about firm 2's payoff.

BFirm 1 believes that if its cost is HIGH then firm 2’s cost function is
»C,(9,) =cyQq, with probability p;(c, =cy |¢c; =Cy), and
»C,(0g,) =c g, with probability p;(c, =c, |¢c;=cy).

B Firm 1 believes that if its cost is LOW then firm 2’s cost function is
»C,(09,) =cyQq, with probability p;(c, =cy |c; =¢, ), and
»C,(9,) =c,q, with probability p;(c, =c, |¢c;=c|).

B Example: p;(C; =Cy |G =Cy)=p1(C; =Cy |C=C )=0
p,(C, =¢, |c;=cy)=py(Cc, =c_ | ¢, =c, )=1-6 as in version two.
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Cournot duopoly model of incomplete
information (version three) cont’d

B Before production, firm 2 knows exactly its cost is HIGH or LOW.

B However, firm 2 cannot know exactly firm 1’s cost. Equivalently, it
is uncertain about firm 1’s payoff.

B Firm 2 believes that if its cost is HIGH then firm 1’s cost function is
»C1(01) =4 01 with probability P2(¢t =Ch [C2 =Cy) | and
» C1(A1) = €L with probability P2(C1 =CL €z =Cy)

BFirm 2 believes that if its cost is LOW then firm 1’s cost function is
»C1(01) =CH a1 Wwith probability P2 (Ci=Cy[C2=CL) and
»C1(01) =CL01 with probability Pa(Ci=cC |Cr=cCL)

m Example: P2(C1=Ch [C2 =Ch)=P2(C1=Cy [C2=C, ) =0

C,=C; |Ch=Cy)= c,=¢C, |co=C, )=1-0 : :
P2(C=c|Cy=Cy)=pa(Cr=CL|Cy=Cp) as in version two.
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Cournot duopoly model of incomplete
information (version three) cont’d

Firm 1 knows exactly its cost is high or low.
e If its cost is HIGH, i.e. C,(q,) =cyq,, then, given its belief on firm 2, it

will solve

1 U1(d1, 92(Ch); Cw)

Max pi(c; =cy ¢y =cy) xjog[a—(0; +0,(Cy))—cy ]

+py(Cy=c ¢ =cy) xpla—(a; +0z(c)) —Cy ] \

st. 20 U1(dy, 92(CL); Cy)
e FOC:
p1(c; =cy ¢ =cy)[a—20;—0g,(Cq) —Cyl
+py(c; =c | =cy)[a-2q,—0g,(c ) —cy]=0
Hence,
_a—Cy —pu(Cy=Cy [ =Cy)ap(Ch)— P1(Cy =C |G =Ch)Ga(Cy)
ai(cy) =

2
e ¢,(cy) is firm 1's best response to its belief (probability) on firm 2's
(g,(cy ), g,(c)) if firm 1's cost is HIGH.

40



Cournot duopoly model of incomplete
information (version three) cont’d

Firm 1 knows exactly its cost is high or low.
e If its cost is LOW, i.e. C,(qg,) =c_q,, then, given its belief on firm 2, it

will solve

Max py(c, =cy |c =c ) xa[a—(g; +0,(cy))—c.]

_— Ui(a1, Gx(Ch); €)

+p(c; =cp e =cp)x

gula—(ay +a,(c ) —c ] v\

U;(0y, 9x(CL); €)

st. ¢, =0
e FOC:
pr(ca =cy [ =c)[a—20—gy(Ccy) —C. ]
+p(c;=c | =c)[a—20,—0q,(c )—¢. ]=0
Hence,
_a-c¢ —pi(Cy=cy g =c)a(cy)—pi(ca=c | =c)a(c)
qu(cL) =

2

e ¢,(c,) is firm 1's best response to its belief (probability) on firm 2's
(0,(cy), a,(c,)) if firm 1's cost is LOW.
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Cournot duopoly model of incomplete
information (version three) cont’d

Firm 2 knows exactly its cost is high or low.
e If its cost is HIGH, i.e. C,(q,) =cy0,, then, given its belief on firm 1, it

will solve

— | U2(A1(Ch), 925 Cp)

Max p,(c,=cy |cy =cy)x0x[a—(a.(cy)+ap)—cy]

+Pa(Cp=Cp [C =Cy) x|d[a—(gy(CL) +dp) —Cy] \

st G20 U,(d1(Cp), dy; Cpy)
e FOC:
P,(C=cy |Cc; =cy)[a—ay(Ccy)—20, —Cy ]
+Py(c=c_|c,=cy)la—a(c )-20, —cy]=0
Hence,
_a—-cy —pa(e=cylc,=cy)q(cy)—pa(c=c |, =cy)a(c)
— da(Cy) =

2
e g,(cy) is firm 2's best response to its belief (probability) on firm 1's
(g,(cy),q,(c))) if firm 2's cost is HIGH.
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Cournot duopoly model of incomplete
information (version three) cont’d

Firm 2 knows exactly its cost is high or low.
e If its costis LOW, i.e. C,(qg,) =c¢,0,, then, given its belief on firm 1, it

will solve
u Cu), 0,; C
Max p,(c; =cy |Cy =c.)xg,[a— (g (cy)+0a,)—c ] — 2(d1(Ch), 025 C)

+ P =cp[c, =c )X [a—(a.(c ) +0a)—c.] \

Sl @p=l u,(g4(c ), d,; ¢)
e FOC:
P(Cp=cy |Cr=c)[a—a,(cy)—20, —c]
+Py(cp=c  [c;=c )[a—agy(c )—20, —¢ ]=0
Hence,
_a—-¢  —py(c=cy|cy=c)gq(cy)—pa(c=cp|c, =c ) (c)
dp(cL) =

2
e (,(c_) is firm 2's best response to its belief (probability) on firm 1's
(g,(cy),q,(c,)) if firm 2's cost is LOW.
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Cournot duopoly model of incomplete
information (version three) cont’d

e Now we have four equations with four unknowns.
g (c,) = a—cy —Pi(c, =cy [ =cy)ay(cy)—pu(c =c |6 =cy)a,(cy)
1(Ch >
a,(c, ) = a—c —p(C=cy | =c)d(Ch)—Pulc, =cp ¢, =c)ay(c.)
1(CL >
q,(c,) = a—cy —Pa(c=cy [cy=cy)a(cy)—pa(c=c |, =cy)a(c,)
2(Ch 5
0,(c.) = a—c — Py =cy [c,=c ) (cy)—Po(c=c |c; =c)au(c,)
2

¢ Solving these gives us the following Bayesian Nash equilibrium.

(QI(CH ), QI(CL))
CHERACS)
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Cournot duopoly model of incomplete
information (version three) cont’d

e The Bayesian Nash equilibrium: ((c; (cy), % (c.)), (G(Cy), 95(C.)))

e If firm 1's marginal cost is HIGH then it chooses ¢, (c) Which is its best
response to firm 2's (g,(cy ), 9,(c,)) (and the probability).

e If firm 1's marginal cost is LOW then it chooses g, (c, ) which is its best
response to firm 2's (g,(cy ), d,(c,)) (and the probability).

e If firm 2's marginal cost is HIGH then it chooses q,(cy ) Which is its best
response to firm 1's (g, (cy ), o (c,)) (and the probability).

e If firm 2's marginal cost is LOW then it chooses q,(c, ) which is its best
response to firm 1's (g, (cy ), o (c,)) (and the probability).
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Normal-form representation of static
Bayesian games

B The normal-form representation of an n-player static game
G of incomplete information specifies:

>

YV V VY

A finite set of players {1, 2, ..., n},
players’ action sets A, A,, A;, ..., A, and
their payoff functions

more

B Remark: a player's payoff function depends on not only
the n players' actions but also her TYPE.

B T Is playeri's type set.
B Example: Ty ={cy, .}, T, ={Cy, C.}

46



Normal-form representation of static
Bayesian games: payoffs

B Player I's payoff function is represented as:
u(ay, a,,....a,t) fora, e A,a, e Ay, ...,a, € At T..

B Example: uy(t;, dz;cy) =[a— (g +9;) —cy]
U (0, 0z ¢ ) =aqpla—(g; +0y)—c ]

B Each player knows her own type. Equivalently, she knows her
own payoff function.

B Each player may be uncertain about other players' types.
Equivalently, she is uncertain about other players' payoff
functions.

47



Normal-form representation of static
Bayesian games: beliefs (probabilities)

B Player i has beliefs on other players' types, denoted by
pi(t, b, .t b, U ) fOrt e t, eT,, .t €T, OF

pi (t—l |t|) Wheret_l = (tl’ tz, DooF ti—l’ ti+l’ Joof tn), tl ETl’ t2 ETZ, ooor tn ETI’]'
B Player i's beliefs are conditional probabilities

B Example:
P(C; =Ch |Cr=Ch)
pi(c, =cy [ =¢)
pi(Ca=cL|c=cy)
pi(c;=c |c =c¢)
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Strategy

B |n a static Bayesian game, a strategy for player i is a function
S;(t;) foreacht; eT..

B s (t;) specifies what player i does for her each type t; €T,

B Example: (g,(cy),q,(c,)) is a strategy for firm 1 in the
Cournot model of incomplete information (version three).
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Bayesian Nash equilibrium: 2-player

B In a static Bayesian 2-player game {A;, A,;T,, T, Py, P U, Uy b,
the strategies s, (»), s, (¢) are pure strategy Bayesian Nash
equilibrium if

> for each of player 1's types t, €T, s, (t,) solves

Max Y uy(ay, S;(t);t) pu(t, | 1)

qef toely
> and for each of player 2's types t, €T,, s, (t,) solves

Max > u, (S;(tl): ay; ) Pa(ty [ t,)

arehy t eTl
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Bayesian Nash equilibrium: 2-player

B In a static Bayesian 2-player game {A, A,; T, T Py, P,; Ug, Us ), the

strategies s, (»), s,(e) are pure strategy Bayesian Nash equilibrium if
for each i and j, (assume T, ={t;;, t;5, ...}, T, ={t,1, 15, ....})

: \ In the sense of expectation :

Sf; () based on her belief st (tz0)
L (.tlz) player 2’s best response %2 (FZZ)
' if her type is t,, T —

S, (t35)
s, () 4’< :
© I\ player 1’s best response 52 (t2n)
S (tin) if her type is t,; ’
: In the sense of expectation
J based on her belief \_
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Static Bayesian games

B The normal-form representation of an n-player static game G of
incomplete information specifies:

>

YV V VYV V

A finite set of players {1, 2, ..., n},
players’ action sets A, Ay, A, ..., A,
players' type sets T,, T,, T3, ..., T,
players' beliefs p;, p,, Ps, - Py

their payoff functions
u(a,a,,...a,;t) fora,e A ,a, e Ay, ...,a, € At €T

M |n a static Bayesian game, a strategy for player i is a function
s;(t;) foreacht; eT,.

B s;(t;) specifies what player i does for her each type t; €T,
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Bayesian Nash equilibrium: 2-player

B In a static Bayesian 2-player game {A, A,;T,, T,; Pys PoiUg, Uy}
the strategies s, (o), s, () are pure strategy Bayesian Nash
equilibrium if

> for each of player 1's types t, €T,, s, (t,) solves

Max > u (&, S;(tz); t)p (L [t)

aleAl t2€T2
> and for each of player 2's types t, €T,, s,(t,) solves

Max > u,(s; (1), 3y t,) P2 (4 [ t,)

arehy t1eTy
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Bayesian Nash equilibrium: 2-player

B In a static Bayesian 2-player game {A, A,; T, T Py, P,; Ug, Us ), the

strategies s, (»), s,(e) are pure strategy Bayesian Nash equilibrium if
for each i and j, (assume T, ={t;;, t;5, ...}, T, ={t,1, 15, ....})

: \ In the sense of expectation :

Sf; () based on her belief st (tz0)
L (.tlz) player 2’s best response %2 (FZZ)
' if her type is t,, T —

S, (t35)
s, () 4’< :
© I\ player 1’s best response 52 (t2n)
S (tin) if her type is t,; ’
: In the sense of expectation
J based on her belief \_
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Battle of the sexes

At the separate workplaces, Chris and Pat must

choose to attend either an opera or a prize fight in
the evening.

Both Chris and Pat know the following:

Both would like to spend the evening together.
But Chris prefers the opera.
Pat prefers the prize fight.

Pat

Opera Prize Fight

_ Opera 2, 1 o, O
Chris _ _

Prize Fight O, O 1, 2
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Battle of the sexes with incomplete
Information (version two)

Pat’s preference depends on whether he is happy. If he is
happy then his preference is the same.

If he Is unhappy then he prefers to spend the evening by
himself.

Chris cannot figure out whether Pat is happy or not. But
Chris believes that Pat is happy with probability 0.5 and
unhappy with probability 0.5

Chris’ preference also depends on whether she is happy.
If she is happy then her preference is the same.

If she is unhappy then she prefers to spend the evening
by herself.

Pat cannot figure out whether Chris is happy or not. But
Pat believes that Chris is happy with probability 2/3 and
unhappy with probability 1/3.
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Battle of the sexes with incomplete

information (version two) cont’d

Chris is happy

Pat is happy
_ Opera

Chris _
Fight

Chris is unhappy

Pat is happy
_ Opera

Chris _
Fight

Pat
Opera  Fight
2,1 0,0
0,0 1, 2

Pat
Opera Fight
0,1 2,0
1,0 ]| 0, 2

Chris is happy
Pat is unhappy

Chris

Chris is unhappy

Opera

Fight

Pat is unhappy

Chris

Opera
Fight

Pat

Opera

Fight

2,0

0, 2

0,1

1,0

Pat

Opera

Fight

0,0

2, 2

1,1

0,0

Check whether ((Opera if happy, Opera if unhappy),
(Opera if happy, Fight is unhappy)) is a Bayesian NE
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Battle of the sexes with incomplete
information (version two) cont’d

B Check whether ((Opera if happy, Opera if unhappy), (Opera if
happy, Fight is unhappy)) is a Bayesian Nash equilibrium.

» Chris' best response to Pat's (Opera if happy, Fight is
unhappy) if Chris is HAPPY

e |[f Chris chooses Opera then she gets a payoff 2 if Pat is
happy (probability 0.5), or a payoff O if Pat is unhappy
(probability 0.5). Her expected payoff=2x0.5+0x0.5=1

e |[f Chris chooses Fight then she gets a payoff O if Pat is
happy (probability 0.5), or a payoff 1 if Pat is unhappy
(probability 0.5). Her expected payoff=0x0.5+1x0.5=0.5

e Hence, Chris' best response is Opera if she is HAPPY.
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Battle of the sexes with incomplete
information (version two) cont’d

B Check whether ((Opera if happy, Opera if unhappy), (Opera if
happy, Fight is unhappy)) is a Bayesian Nash equilibrium.

» Chris' best response to Pat's (Opera if happy, Fight is
unhappy) if Chris is UNHAPPY

e If Chris chooses Opera then she gets a payoff O if Pat is
happy (probability 0.5), or a payoff 2 if Pat is unhappy
(probability 0.5). Her expected payoff=0x0.5+2x0.5=1

e |[f Chris chooses Fight then she gets a payoff 1 if Pat is
happy (probability 0.5), or a payoff O if Pat is unhappy
(probability 0.5). Her expected payoff=1x0.5+0x0.5=0.5

e Hence, Chris' best response is Opera if she is UNHAPPY.
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Battle of the sexes with incomplete
information (version two) cont’d

B Check whether ((Opera if happy, Opera if unhappy), (Opera if
happy, Fight is unhappy)) is a Bayesian Nash equilibrium.

» Pat's best response to Chris' (Opera if happy, Opera if
unhappy) if Pat is HAPPY

e |[f Pat chooses Opera then he gets a payoff 1 if Chris is
happy (probability 2/3), or a payoff 1 if Chris is unhappy
(probability 1/3). His expected payoff=1x(2/3)+1x(1/3)=1

e |[f Pat chooses Fight then he gets a payoff O if Chris is
happy (probability 2/3), or a payoff O if Chris is unhappy
(probability 1/3). His expected payoff=0x(2/3)+0x(1/3)=0

e Hence, Pat's best response is Opera if he is HAPPY.
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Battle of the sexes with incomplete
information (version two) cont’d

B Check whether ((Opera if happy, Opera if unhappy), (Opera if happy
Fight is unhappy)) is a Bayesian Nash equilibrium.

» Pat's best response to Chris' (Opera if happy, Opera if
unhappy) if Pat is UNHAPPY

e |f Pat chooses Opera then he gets a payoff O if Chris is happy
(probability 2/3), or a payoff O if Chris is unhappy (probability
1/3). His expected payoff=0x(2/3)+1x(1/3)=0

e |f Pat chooses Fight then he gets a payoff 2 if Chris is happy
(probability 2/3), or a payoff 2 if Chris is unhappy (probability
1/3). His expected payoff=2x(2/3)+2x(1/3)=2

e Hence, Pat's best response is Fight if he is UNHAPPY.

BHence, ((Opera if happy, Opera if unhappy), (Opera if happy, Fight is
unhappy)) is a Bayesian Nash equilibrium.
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Battle of the sexes with incomplete
information (version two) cont’d

Chris believes that Pat is happy with probability 0.5, unhappy 0.5

Chris is Pat (0.5, 0.5) Chris is Pat (0.5, 0.5)
happy (0,0) (OF) (FO) (FF)  unhappy (©o0) (OF) (FO) (FF)
O| 2 1 1 0 . 0| O 1 1 2
Chris Chris
Fl 0o |12 ]12]| 1 F| 1 |12 |12| 0

Chris’ expected payoff of playing Fight if
Chris is happy and Pat plays (Opera if
happy, Fight if unhappy)
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Battle of the sexes with incomplete
information (version two) cont’d

Pat believes that Chris is happy with probability 2/3, unhappy 1/3

Pat is happy Pat Pat is unhappy Pat
O F @) F
(00)| 1 0 (00)| O 2
Chris (O,F) | 2/13 | 2/3 Chris (O,F) | 1/3 | 4/3
(2/3,1/3) (FO) | 1/3 | 4/3 (2/3,1/3) (FO) | 2/3 | 2/3
(FF) | O 2 FF |, 1 0

Pat’s expected payoff of playing Opera if
Pat is unhappy and Chris plays (Fight if
happy, Fight if unhappy)




Battle of the sexes with incomplete
information (version two) cont’d

Check whether ((Fight if happy, Opera if
unhappy), (Fight if happy, Fight is unhappy))
IS a Bayesian Nash equilibrium.
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First-price sealed-bid auction (3.2.B of

Gibbons)

B A single good is for sale.

B Two bidders, 1 and 2, simultaneously submit their bids.

B Let b, denote bidder 1's bid and b, denote bidder 2's bid

B The higher bidder wins the good and pays the price she bids
B The other bidder gets and pays nothing
B In case of a tie, the winner is determined by a flip of a coin
B Bidder i has a valuation v; [0, 1] for the good. v, and v, are

independent.

M Bidder 1 and 2's payoff functions:
(v, —b, ifb >h,
Vv, — :

By i) =1 B by =D
0 if b, <b,

Uy (0, 0y5v;) =+

v, —b, ifb,>b

2=b ey _py

0 if b, <b,
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First-price sealed-bid auction (3.2.B of

Gibbons) cont’d

B Normal form representation:

» Two bidders, 1 and 2
»  Action sets (bid sets): A €[0, «), A, €[0, )

»  Type sets (valuations sets): T, €[0, 1], T, €[0, 1]
>

Beliefs:
Bidder 1 believes that v, is uniformly distributed on [0, 1].

Bidder 2 believes that v, is uniformly distributed on [0, 1].

v, and v, are independent.

» Bidder 1 and 2's payoff functions:

Uy (by, by;vy) =1

"

(v, —by
v — by
2

0

if b, > b,

if b, =b,
if b, <b,

U, (by, by;v,) =+

v,—b, ifb,>b

vV, —h, .
22 2 ifb, =D

0 if b, <b,
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First-price sealed-bid auction (3.2.B of
Gibbons) cont’d

B A strategy for bidder 1 is a function b, (v,), for all v, €[0,1].
B A strategy for bidder 2 is a function b, (v,), for all v, €[0,1].

B Given bidder 1's belief on bidder 2, for each v, €[0,1], bidder 1
solves

Max (v, ~by)Prob{ly > b, (Vo) }+ 5 (4 ~by)Prob, =by (v,)}

B Given bidder 2's belief on bidder 1, for each v, €[0,1], bidder 2
solves

Max (v —b,)Prob, > by )1+ (v, ~b; )Prob{b, =by ()}

by >0
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First-price sealed-bid auction (3.2.B of
Gibbons) cont’d

B Check whether (bf(vl) =\;1, b, (V) :\/22) is Bayesian Nash equilibrium.

B Given bidder 1's belief on bidder 2, for each v, €[0,1], bidder 1's best
response to bg (v,) solves

Max (v, ~b)Prob, > b; (vz)}+;<v1 ~by)Prob{b, = bj (v,)}

Max (v ~by)Proby > 21+ (v, ~by)Probp, = 2}

by >0
Max (v, ~B)Proby; <201+ (v ~by)Prob{y, = 20,
Mlgg( (vp —by)2by
FOC: v, —4b =0 = bl(vl)zvzl
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First-price sealed-bid auction (3.2.B of

Gibbons) cont’d

B Hence, for each v, €[0,1], b, (v;) = 2 Is bidder 1's

best response to bidder 2's b, (v,) = V22 :

B By symmetry, for eachv, €[0,1], b, (v,) :\/22 is

bidder 2's best response to bidder 1's b, (v;) :VZ1 :

W Therefore, (bl*(vl) =\;1, b, (V,) =V22) is Bayesian
Nash equilibrium.
B Show that in a second-price sealed-bid auction,

it is a NE for everyone to truthfully reveal their
preferences.
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First-price sealed-bid auction (3.2.B of
Gibbons) cont’d

The Basic Trade-off facing a bidder:

The higher the bid, the more likely the bidder is to win; the lower
the bid, the larger the gain if the bidder does win.
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